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Abstract: In this paper, we study the Euler-Savary’s formula for the planar curves in the 
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§1. Introduction 


The Euler-Savary’s Theorem is well known theorem which is used in serious fields of study in 
engineering and mathematics. 

A Smarandache geometry is a geometry which has at least one Smarandachely denied 
axiom(1969), i.e., an axiom behaves in at least two different ways within the same space, i.e., 
validated and invalided, or only invalided but in multiple distinct ways. So the Euclidean 
geometry is just a Smarandachely denied-free geometry. 

In the Euclidean plane E?,let cg and cr be two curves and P be a point relative to cpr. 
When cp roles without splitting along cp, the locus of the point P makes a curve cy. The curves 
cB, Cr and cy are called the base curve, rolling curve and roulette, respectively. For instance, 
if cp is a straight line, cr is a quadratic curve and P is a focus of cr, then cz is the Delaunay 
curve that are used to study surfaces of revolution with the constant mean curvature, (see 
[1]).The relation between the curvatures of this curves is called as the Euler-Savary’s formula. 

Many studies on Euler-Savary’s formula have been done by many mathematicians. For 
example, in [4], the author gave Euler-Savary’s formula in Minkowski plane. In [5], they ex- 
pressed the Euler-Savary’s formula for the trajectory curves of the 1-parameter Lorentzian 
spherical motions. 

On the other hand, there exists spacelike curves, timelike curves and lightlike(null) curves in 
semi-Riemannian manifolds. Geometry of null curves and its applications to general reletivity 


in semi-Riemannian manifolds has been constructed, (see [2]). The set of all lightlike(null) 
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vectors in semi-Riemannian manifold is called the lightlike cone. We know that it is important 
to study submanifolds of the lightlike cone because of the relations between the conformal 
transformation group and the Lorentzian group of the n-dimensional Minkowski space E/’ and 
the submanifolds of the n-dimensional Riemannian sphere S” and the submanifolds of the 
(n+1)-dimensional lightlike cone Q"*!. For the studies on lightlike cone, we refer [3]. 

In this paper, we have done a study on Euler-Savary’s formula for the planar curves in 
two dimensional lightlike cone Q?. However, to the best of author’s knowledge, Euler-Savary’s 
formula has not been presented in two dimensional lightlike cone Q?. Thus, the study is proposed 
to serve such a need. Thus, we get a short contribution about Smarandache geometries. 

This paper is organized as follows. In Section2, the curves in the lightlike cone are reviewed. 
In Section3, we define the associated curve that is the key concept to study the roulette, since 
the roulette is one of associated curves of the base curve. Finally, we give the Euler-Savary’s 
formula in two dimensional cone Q?. 

We hope that, these study will contribute to the study of space kinematics, mathematical 
physics and physical applications. 


§2. Euler-Savary’s Formula in the Lightlike Cone Q? 


Let E? be the 3—dimensional Lorentzian space with the metric 


g(x,y) = (x,y) = tiy1 + oye — Taye, 


where x = (21, 22,%3), y = (Y1,Y2, Ys) € Ej. 
The lightlike cone Q? is defined by 


Q? = {x € Ej : g(x, x) = 0}. 


Let x: I > Q? c E} be a curve, we have the following Frenet formulas (see [3]) 


al(s) = w(s)e(s) — y(s) (2.1) 


where s is an arclength parameter of the curve x(s). «(s) is cone curvature function of the 
curve 2(s),and «(s), y(s), a(s) satisfy 


(x, 2) = (yy) (x, a) (y, @) 0, 
(x,y) = (a,a)=1. 


For an arbitrary parameter t of the curve «(¢), the cone curvature function « is given by 


2 2 2 2 
dx dx dx d“« (2 a) 
dt? dt? dt2? dt? dt? dt 
K(t) = 


5 
2G a) 


(2.2) 


Using an orthonormal frame on the curve «(s) and denoting by &, 7, @ and 7 the curvature, 


the torsion, the principal normal and the binormal of the curve x(s) in E?, respectively, we 
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have 
z= a 


a = Kka—y=RFp, 


where « 4 0, (8,3) =e = 41, (a, 8) = 0, (a,a) = 1, ex < 0. Then we get 


Ku —y - K 
= = = 2.3 
Be peg Jaden 2) (2.3) 
Choosing 
—EK 1 
ho a (e+ = y), (2.4) 
K 
we obtain 


K=\V—2ek, T= —C Ne (2.5) 


Theorem 2.1 The curve x: I > Q? is a planar curve if and only if the cone curvature function 
k of the curve x(s) is constant [3]. 


If the curve « : I > Q? C E} is a planar curve, then we have following Frenet formulas 


a= ae 
av = ev—2eKB, (2.6) 
Bo = -V-2eKa. 


Definition 2.2 Let x: I — Q? c E} be a curve with constant cone curvature K (which means 


that x is a conic section) and arclength parameter s. Then the curve 
va = x(s) + ui(s)a + ua(s)Z (2.7) 


is called the associated curve of x(s) in the Q?, where {a, 3} is the Frenet frame of the curve 


x(s) and {uy(s), u2(s)} is a relative coordinate of x4(s) with respect to {x(s), a, G}. 


Now we put 
dz, ou, dug 


= a+ a p. (2.8) 


d 
=(14 ay V —2eKku2)a + (uiev —2eK 4 uz 3: (2.9) 
ds ds ds 


Considering the (2.8) and (2.9), we have 
d 
out = (1+ = — V—2eKuz) 


118 Handan BALGETIR OZTEKIN and Mahmut ERGUT 


Let s,4 be the arclength parameter of x4. Then we write 


dx 4 dx 4 ds 4 


— Se 2.11 
ds ds, ds Piet uae ( ) 
and using (2.8) and (2.10), we get 
du, 
Vy = 1+ ds. tN, —2eKuU2 
S 
dug 
vg = wev—2eK+ ae (2.12) 
S 


The Frenet formulas of the curve x4 can be written as follows: 


da 
a EAV—2EAK ABA 


I 


ds 4 
dBa 
—_ = —V—-2E 4K AA, (2.13) 
ds, 
where «4 is the cone curvature function of x4 and €4 = (G4, 84) = +1 and (a4,a,) = 1. 


Let 6 and w be the slope angles of x and x4 respectively. Then 


dw _ do 1 
= (K4 


| ds) Jee ea 


(2.14) 


where G6=w— 0. 
If @ is spacelike vector, then we can write 


cos @ set 2s Bid Si o) a 
= nd sing = . 
ve + vs Jui + v3 
Thus, we get 
iar (cos~! i ) 
ds ds ue + U5 
and (2.14) reduces to 
—  _  , U1Vg — U1 V2 1 
as Gt Jarre 


If @ is timelike vector, then we can write 


U1 A v2 
cosh ¢ = em a and sinh¢ = —. 
Uy — U2 Uy Ue 
and we get 
do d ras VY 
an q, (cosh —————) 
S Ss Vy — U5 
Thus, we have 
t t 
_ UjVg — Vz V2 1 
KA = ( ot: 5) 2 ) z 2" 
a Uy 


Let xp and xp be the base curve and rolling curve with constant cone curvature «g and 
KR in Q?, respectively. Let P be a point relative to zg and xy be the roulette of the locus of 
P. 
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We can consider that x, is an associated curve of 2g such that xz, is a planar curve in Q?, 


then the relative coordinate {w1,w2} of x, with respect to vg satisfies 


6 d 
Eee 4s 1+ ee V—2EBKBW2 


dsp dsp 

) d 
seca wieBpy —2EBKB + 2 
dsp dsp 


by virtue of (2.10). 


(2.15) 


Since xp roles without splitting along xg at each point of contact, we can consider that 


{w1,w2} is a relative coordinate of x, with respect to xR for a suitable parameter spr. In this 


case, the associated curve is reduced to a point P. Hence it follows that 


6 d ——— 

a. = 1+ oo) —_ VJ —2eRK RW =0 
dsp dsr 

6 d 

iat = wyerRV—2eRKR + ee = 0. 
dsr dsR 


Substituting these equations into (2.15), we get 


dw, 


bao (/—2erkR — /—2€BkB) we 
SB 


we 


7 ad (epV—2e BKB — ERV—2ERKR)U1. 
SB 


If we choose ¢€g = €r = —1, then 
ow ow 
0 < (=~)? — (==)? = (V2KR — V2KB)?(w} — v7). 


Hence, we can put 


wy =rsinh¢d , wa=rcosh@. 


Differentiating this equations, we get 


dw, dr. do 
PREREy Ose eA Te hg 
a fee sinh @ + rcos Cie 
dwe dr ' do 
pase PE SEO ho 
es ee cosh ¢@+rsin ere 


Providing that we use (2.16), then we have 


d 

eh, 4 rV/2kp cosh ¢ — 1 

dsp 

d 

EE a rsinh ¢V2kR 

dsp 

If we consider (2.19) and (2.20), then we get 

di 

gee = —rvV2kR+cosh¢ 
dsr 


Therefore, substituting this equation into (2.14), we have 


cosh @ 
Tr | /2eR - V2KB| 


TRL = x1 


(2.16) 


(2.17) 


(2.18) 


(2.19) 


(2.20) 


(2.21) 


(2.22) 
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If we choose €g = €z = +1, then from (2.17) 


ow ow 
0 < (==)? + (=)? = (V—2er — V—2kB)? (wi + 3) 
dsp dsp 
Hence we can put 
wy=rsing, wo=rcos¢. 


Differentiating this equations, we get 


d 
ci = ue sing+rcos@ 2 =r/—2KkRcosd—1 
dsr dsp dsr 

d 
dis a ue cos@—rsing $ = —rsindV—2kR 
dsr dsp dsr 


and 


d 
r $ = rV/—2kR —cos¢ 
Therefore, substituting this equation into (2.14), we have 


rae V—2kB + /—-2KR cos @ 
oe | /—2kRr — /—2KB| r|/—2kR — /—2kB|’ 


where Ky = /—2é€L KL. 


(2.23) 


(2.24) 


(2.25) 


(2.26) 


Thus we have the following Euler-Savary’s Theorem for the planar curves in two dimen- 


sional lightlike cone Q?. 


Theorem 2.3 Let xr be a planar curve on the lightlike cone Q? such that it rolles without 


splitting along a curve xg. Let xy be a locus of a point P that is relative to xp. Let Q be a 


point on xz and R a point of contact of xp and xR corresponds to Q relative to the rolling 


relation. By (r, 6) , we denote a polar coordinate of Q with respect to the origin R and the base 


. us . . 
line ep |r. Then curvatures kp , KR and ky of xB , XR and xy respectively, satisfies 


h 
rRp = #14 one , U €Bp=eERn=—l, 
r|/2kr — V2kB| 
V—-2kBp + V/—2kR cos @ 


TRE = if €p =eR=1. 


| /—2kr — V—2KB| r|/—2kR — /—2kB| 
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